Thinning of a Liquid Film As a Small Drop or
Bubble Approaches a Fluid-Fluid Interface

When a small drop or bubble approaches a fluid-fluid interface, a thin liquid
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film forms between them, drains, until an instability forms and coalescence occurs.

A hydrodynamic theory is developed for the first portion of this coalescence process:
the drainage of the thin liquid film while it is still sufficiently thick that the effects
of London-van der Waals forces and electrostatic forces can be ignored. The time
rate of change of the film profile is predicted, given only the drop radius and the
required physical properties. Comparisons are offered with the limited experi-

mental data available.
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SCOPE

As a drop or bubble moving through a liquid phase under the
influence of buoyancy forces approaches an interface, a liquid
film forms. The interfaces deform due to the development of
a pressure gradient in the film (Allan et al., 1961; Hodgson and
Woods, 1969). With time, the film drains, becomes unstable,
ruptures, and coalescence occurs.

In order to simplify the problem, we discuss only the first
portion of the coalescence process: the drainage of the liquid
film while it is still sufficiently thick that the effects of Lon-
don-van der Waals forces and electrostatic forces can be ig-
nored. We have previously considered the drainage of a liquid
film as a drop or bubble approaches a solid plane (Lin and

Slattery, 1982). Here we analyze the thinning of a liquid film
as a drop approaches a fluid—fluid interface. We do not consider
the development and growth of instabilities in these thin films
that would lead to coalescence.

We focus only on those systems in which the interfaces may
be assumed to be immobile. An immobile interface is one in
which the interfacial tension gradients developed are suffi-
ciently large so as to eliminate all lateral motion.

The analysis is limited to small drops and to liquid films so
thin that the Reynolds lubrication theory approximation is ap-
plicable.

CONCLUSIONS AND SIGNIFICANCE

This analysis of the drainage of a liquid film between a drop
and a fluid-fluid interface can predict the time rate of change
of the film configuration, given only the drop radius and the
required physical properties. It is more complete than the esti-
mates offered by Princen (1962), who extended the Frankel and
Mysels (1963) theory to estimate the thinning rate only at the
center and at the rim (or barrier ring). His theory includes one
free parameter; ours, none.

Our prediction for the limiting value of the rim radius ap-
proached as time becomes large agrees with that suggested by
Chappelear (1961). The rim radius is the radius at which the
thickness of the liquid film is a minimum.

In agreement with our previous work (Lin and Slattery, 1982),
we find that very small interfacial tension gradients are suffi-
cient to immobilize the fluid—fluid interfaces. This suggests that
the interfacial viscosities (Slattery, 1980; Slattery and Flumerfelt,
1981) will usually have little effect upon the rate at which a film
thins prior to the development of an instability leading to co-
alescence. This is consistent with the conclusions of Whitaker
(1966).

The theory developed here is the best available representation
of reported data, but the available data for small drops are too
limited for definitive conclusions to be drawn.

INTRODUCTION

Woods and Burrill (1972) have summarized the several ap-
proximate developments that have been proposed for the thinning
rate at the rim radius, the radius at which the thickness of the liquid
film is a minimum. The most important of these is due to Princen
(1963), who extended the Frankel and Mysels theory (1962) to es-
timate the thinning rate both at the center and at the rim as a small
drop approaches a fluid-fluid interface. His prediction for the
thinning rate at the rim is nearly equal to that given by the simple
analysis of Reynolds (1886), who assumed a uniform film thick-
ness.

Hartland (1970) developed a more detailed analysis to predict
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film thickness as a function both of time and of radial position. He
assumed that both the drop-fluid interface and the fluid-fluid
interface are equidistant from a spherical “equilibrium” surface
at all times and that the film shape immediately outside the rim
is independent of time. The initial film profile had to be given a
priori from experimental data. No detailed comparison with ex-
perimental data was shown.

Jones and Wilson (1978) have made an attempt to account for
the partial mobility of the drop-fluid and fluid-fluid interfaces,
but they were not able to solve their governing integro-differential
equation numerically. No prediction of the thinning rate was
given.

In what follows, we develop a more complete hydrodynamic
theory for the thinning of a liquid film between a drop and a
fluid—-fluid interface. Since we have previously demonstrated that
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an interface can be immobile in the presence of a very small in-
terfacial tension gradient (Lin and Slattery, 1982), we consider only
immobile drop-fluid and fluid—fluid interfaces. For this limiting
case, our analysis applies equally well to a liquid drop approaching
a liquid-liquid interface or to a gas bubble approaching a liquid-
gas interface.

STATEMENT OF PROBLEM

A drop (or bubble) is shown in Figure 1 approaching a fluid~
fluid interface. The objective of the following analysis is to deter-
mine the rate at which the thin liquid film separating the drop from
the fluid-fluid interface drains as a function of time.

A number of assumptions are required in this computation.

i) Viewed in the cylindrical coordinate system of Figure 1, the
two interfaces bounding the draining liquid film are axisymmetric
(i=12):

z* = h(r* t*) (1)
ii) The dependence of h{ (i = 1,2) upon r* is sufficiently weak
that
oh;\2
(;;) «1 (@)
iii) Introducing
h* =h{ - h; 8)
let R* be the rim (or barrier ring) radius of the drop such that
oh*
tr* = R* =R*(t*):—— =0 4
atr (t*) or (4)

The Reynolds lubrication theory approximation applies in the sense
that, if

h¢ = h*(0,0) (5)
and
R =R*(0) (6)
we will require
hy\e
[ e .

Phase B

" =hy (1Y) —

Phase D (Drop)

Figure 1. A symmetric drop or bubble (phase D) moves through a liquid (phase

C) as it approaches a fluid-fluld interface (between phases C and B). The

configuration of the drop-fiuld interface is given by z* = h;(r*,t*); that of
the fluid-fluid intertace by z* = hy(r*,1*).
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iv) There is surfactant present in both interfaces. The resulting
interfacial tension gradients are sufficiently large that the tan-
gential components of velocity p* are zero (i = 1,2)

atz* =h}:P.o*=0 (8)

Here P is the projection tensor that transforms every vector on an
interface into its tangential components. The interfacial tension
gradient required to create such an immobile interface is very small
(Lin and Slattery, 1982). We will consequently assume that at the
same radial positions the interfacial tensions in the two interfaces
are equal. In this limit, the results developed will apply both to a
liquid drop approaching a liquid-liquid interface and to a gas
bubble approaching a gas-liquid interface, since all circulation
within phases B and D in Figure 1 is suppressed.

v} The effect of mass transfer on the velocity distribution is
neglected.

vi) The pressure p; within the drop is independent of time and
position. The pressure within phase B is equal to the local hydro-
static pressure pj.

vii) The liquid is an incompressible, Newtonian fluid, the vis-
cosity of which is a constant.

viii) All inertial effects are neglected.

ix) The effects of gravity, of London-van der Waals forces, and
of electrostatic forces are neglected within the draining liquid
film.

x) The pressure within the draining film approaches its local
hydrostatic value beyond the rim, where the Reynolds lubrication
theory approximation {assumption iii) is still valid. At this point,
the first and second derivatives of h* with respect to r* are con-
stants independent of time. We will assurne that at this point h{ =
0 independent of time.

xi) Experimental observations (Hodgson and Woods, 1969)
suggest that there is a time at which the thinhing rate at the rim
is equal to the thinning rate at the center. At time t* = 0 in our
computations, the thinning rate is independent of radial position.
We will also assume that for £* > 0 the thinning rate at the center
is always greater than the thinning rate at the rim.

xii) The drop is sufficiently small that it may be assumed to be
spherical.

In constructing this development, we will find it convenient to
work in terms of the dimensionless variables

* %
r=l zER"z
R hiRg
Reh;
hi=—2t  H=HR, (i=12)
hoRG
*_ -
h=h —hy p=l_—F0 9)
p*(v5)?
v; Rgv;
v, = — =—
"oy e hiv
;= 100 _
Rg Yo

and dimensionless Reynolds, Weber, and capillary numbers
*y:R*
N Re = E‘;gng)
P*h)*Rj
Yo
A

ca —

NWe =

*

Yo
Here H; (i = 1,2) are the mean curvatures of the interfaces, y* the
interfacial tension and v; the equilibrium interfacial tension. The
characteristic speed v will be defined later.

By analogy with our discussion of the drainage of a thin film
between a drop and a solid wall (Lin and Slattery, 1982), the
equation of continuity reduces to

10 o,

=2 =0 1
~ o o)+ (11)
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the Navier-Stokes equation requires

op 1(352020,
L — 29— 12
Or  Nge\hy] 022 (12)
d
a’; 0 (13)
op o
a—’;«a—’: (14)

and the jump momentum balances for the two interfaces (the re-
quirements of Euler’s first law or Newton’s second law) demand

Y _y Robo,

atz = hy:— o>r “he o =0 (15)

8t2=h1:2H1‘Y+Nwe(P_Ph)=0 (16)
9 Ry ov

atz = hy: OZ + Nea h: =g (17)

atz = hg: 2Hyy —~ Nwep =0 (18)

We will recognize assumptions (iii) and (iv) to say
atz =hgo, =0 =12) (19)

and we will employ Egs. 15 and 17 to calculate the interfacial
tension gradient required to create the immobile interfaces as-
sumed here.

Since we neglect the effect of mass transfer on the velocity dis-
tribution (assumption v),

oh;, Oh;
tz=hro,=—+ —0p, (i =12
atz =h:o ot + orv(z ) (20)
We will note that
atr=R:~a—’—1=0 (21)
or
oh ohm
tr=0—=——=
atr o = o 0 (22)
and
O
tr=02P =
atr = ar 0 (23)

With Egs. 14, 16, and 18 together with assumptions ii and iv, Eq.
23 implies

O(H; — Hp)

) or

ST TRER

atr =0

+
r20r r Or?

and Eq. 24 reduces to

d3h
atr =0 e = (26)
According to assumption x, there is a point r = R, > R where
the pressure p within the draining film approaches the local hy-
drostatic pressure in the neighborhood of the drop.

atr = Rp:p —~pp, hy — 0 27
Assumption x also requires that

oh _[oh

tr =Ry 2=
AT o (br):=o @8)

02h o%h

tr=Rp:——>=

ar h or2 (612) (29)
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The initial time is to be chosen by requiring (assumption xi)
att =0: aa—}: = constant (30)

Since the drop is sufficiently small to be assumed spherical (as-
sumption xii)

(31)

where R} is the radius of the drop.
An integral momentum balance for the drop requires {for more
details, see Lin and Slattery (1982)]

*\3 * ¥
Na [ 0= pyrdr = BLALE 2 g s (g9)
0 Yo 3

If R} denotes the value of the dimple radius as time becomes large,
we would expect from Eqs. 16 and 18 that

astﬁw:p-*%ph for0 <r <Ry (3838)
and from Eq. 27 that
ast—> o p —>pp forr > Ry (34)

Recognizing Egs. 31, 33, and 34, we find that Eq. 32 gives
(Chappelear, 1961)
4 Ap*g*(R
3 7
Given R}, we determine R} by requiring Eq. 35 to be satisfied; we
identify R§ = R}/Ry.

For the sake of simplicity, let us define our characteristic
speed

(Rg)? (35)

)21/2
ast —» w:R— Ry = [

(36)

which means

p*2
Nge =1, Nwe = Ney = ——; {37)
P*RoYo
Note that we have not used this definition for v} or this definition
for Ny, in scaling the Navier-Stokes equation to neglect inertial
effects (assumption viii). The scaling argument required to suggest
a priori under what circumstances inertial effects can be ignored
would be different, based perhaps on the initial value of the speed
of displacement of one of the fluid—fluid interfaces calculated at
the center of the film.

Our objective in what follows is to obtain a solution to Egs. 11
and 12 consistent with Egs. 16, 18 through 22, 25 through 30, and
the second portion of assumption xi. Given R, we determine R}
by requiring that as t — o or just prior to the development of an
instability and coalescence Eq. 35 be satisfied; we identify R =
R}/Ry. Note that, in addition to physical properties, only one pa-
rameter is required: Rj.

SOLUTION

Integrating Eq. 12 twice consistent with Eq. 19, we find in view
of Eq. 37

*12
vle.’ﬁ). 92[22_.
21\Rg} or

Substituting Eq. 38 into Eq. 11 and integrating once, we have

sl ot

~ 2l + ho? hlhzz]

op[_(ohi, hg)zt (ohy, ., ohs
+br[ (br+br)2+(brh2+ Yor [

+ C(r) (39)

(hy + hg)z + h1h2] (38)
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in which C(r) is an as yet undetermined function of .
With Egs. 38 and 39, 20 tells us (i = 1,2)

-Z—'l‘%(ﬁo) {[a ” g

- E(hl + ho)h? + hthhi]

°”[ (ah‘ Ohs h2+(%’:‘—h2 hlah )h;”
—Clr) (40)

and the difference of these two expressions gives
h (L (0% don) Laokanl
ot Ryl {12 \or?

T br) 4 Oror
Taking the difference between Egs. 16 and 18, recognizing Eq.
31, and applying the appropriate expressions for the dimensionless
mean curvatures H; (i = 1,2), we see

1 1hgl 9 dh
Nep+—=—--20-212% 42
P Ry 2Rorbr br) (42)
In writing this, we have taken y = 1 by assumption iv.
Inserting Eq. 42 into 41, we discover
_dh _h*[d%h 20% 1% 10K
o 3\ort " roar® r2orz” 130,
bh o%h 12%h 10k
—_—— 43
( rorz r2or (43)
in which
\3
py=-t (ko (44)
8Nca (Rp,

Note that, after an application of L'Hospital’s rule with full rec-
ognition of Egs. 22, 25, and 26, we obtain

4
limitr - 0. ~ — =-h8 — (45)

Equations 43 and 45 have the same form as the governing equations
describing a bubble approaching a solid plane (Lin and Slattery,
1982), except that the thinning rate for the present case is only half
as large. This is consistent with the difference between the Frankel
and Mysels (1962) theory and Princen’s (1963) result.

Having been given N, in the form of the physical properties,
we can carry out the integration of Eq. 43 in a manner similar to
that used previously in the context of a bubble approaching a solid
surface (Lin and Slattery, 1982).

Our first objective is to calculate the initial dependence of h upon
radial position consistent with assumption xi. Recognizing Eq. 30,
we can use Eq. 45 to write Eq. 43 as
(a4h) 3 s (a4h 20% 10%h 10h

ortlr=0 8 or4 + T br"’ 2oz 43 0r
3 p)
9 ah 2%  10% 10K .o
8 28 T ror: 12 0r

We require that the result be consistent with Egs. 22, 26 and 21 in
the form

atr=1—=90 (47)

and Eq. 27 expressed as
R}§)?
Lo ok, 2 (R (48)
or Rd ho
where pj, has been determined by Eq. 31 and p by Eq. 42.
In order to integrate a finite-difference form of Eq. 46, we re-
place Eq. 48 by

o2h
atr = 1:‘55= (49)
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where C is a free parameter, the value of which will be determined
shortly.

For each value of C, we can determine a tentative initial con-
figuration of the film by integrating Eq. 46 consistent with Egs.
22, 26, 47 and 49. The dimensionless radial position at which the
pressure gradient becomes negligible is tentatively identified as
Ry, subject to later verification that assumption ii is still satisfied
at this point.

Equation 43 can be integrated consistent with each of these
tentative initial configurations, Egs. 22, 26, 28, and 29. Equation
21 permits us to identify R as a function of time; Ry is the value of
R ast’ — . We employed the Crank-Nicolson technique (Myers,
1971); accuracy was checked by decreasing the time and space
intervals.

In addition to requiring that at time t* = 0 the thinning rate is
independent of radial position, assumption xi demands that for ¢*
> 0 the thinning rate at the center is always greater than the
thinning rate at the rim. Our numerical computations indicate that
there is a minimum value of the parameter C for which this con-
dition is satisfied. This also corresponds to the maximum value of
hg for which the thinning rate at the center is always greater than
the thinning rate at the rim for ¢* > 0. We will choose this maxi-
mum value of h{ as our initial film thickness at the center.

From Eq. 35, we can determine R}. This permits us to identify

R = R;j/Ry. The initial film thickness at the center, hj, is fixed by
Eq. 48.

We must now check whether assumption ii is satisfied at Rj; if
it is satisfied here, it will be satisfied everywhere. We wish to choose
Ry, as large as possible, in order to make the pressure gradient at
this point clearly negligible. But if Ry, is assigned too large a value,
assumption ii will be violated.

We have from Eqgs. 16, 31 and 42,

10 oh) 1102/ oh) (Ry)1
rar('ar)'zrof( br) (ha)Rd (50)

This can be integrated consistent with Egs. 22 and 27 to determine
k1, the configuration of the interface between phases B and C in
Figure 1.

Finally, we can examine assumption iv that the interfacial ten-

sion gradient required to achieve an immobile interface is very
small. Given Egs. 15, 17, 38, and 42, we can reason

oy

LA 51

or ( 5) or [1 or br)] 6
This can be integrated with the observation that, since the surface
tension gradient is proportional to the pressure gradient from Egs.
15, 17 and 38,

atr =Rp:y =1L (52)

RESULTS

For R = 1.69, we conclude
C =5.05
Ry =110

atr = Rh:a—h =6.08
or

atr = Ry: —— (1’ 9__}1) =12.61
or

Figure 2 gives h as a function of r and ¢’ In Figure 3, we see the
variation of dimensionless pressure as a function of time and po-
sition within the draining film; the results are consistent with Egs.
33 and 34.

There have been very few experimental studies of the film
configuration as a function of time.

Hartland (1967, 1968) observed large drops for which the
analysis developed here is not applicable (assumption xii).

Hodgson and Woods (1969), Woods and Burrill (1972), Burrill
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Figure 2. Dimensionless film thickness h as a function of dimensionless radial
position and dimensionless time for R, = 1.69.

and Woods (1973a,b), and Liem and Woods (1974) found five
distinct drainage patterns with small drops. Most of their results
show asymmetric patterns, indicating instabilities. We could not
expect good agreement between this portion of their data and the
theory developed here. We have carried out our computations for
only three of their systems.

Since insufficient data were given to identify our ¢ =0 (Eq. 30),
we related our time scale to the experimental time scales by
matching in each case the initial measurement of the film thickness
at the rim. As we shall demonstrate, we found it satisfactory to
identify Ry = 1.69 for all three systems.
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Figure 3. Dimensionless tilm pressure as a function of dimensionless radial
position and dimensionless time for R, = 1.69.
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For comparison, we also show the predictions of Princen

(1963):

0.0192 n? u*R*6

1/4
atr*=0:h* = [ Y*RY ] [t* —t5)"1/4 (53)

0.180 n2 u*R*?R;
‘Y*
In these relationships, the rim radius R* is assumed to be a constant

and t§ is an adjustable parameter. For immobile interfaces, n =
2. Our comparisons assume that both interfaces are immobile.

* = R*. h* = V2 _ -1/2
atr R*: [t t3) (54)

Water-Cyciohexanol

Burrill and Woods (1973b) report observations for a cyclohexanol
drop approaching a water-cyclohexanol interface: R} = 0.62mm,
Y0 =3893mN/m, u* =1.0mPas, Ap* =51 X 10~2g/cm3. The
water contained 10~4 g/L sodium lauryl sulfate and 0.05 N KCl.
During the first 60 s of elapsed time, the film alternately drained
symmetrically and asymmetrically. Thereafter, it drained sym-
metrically, until it ruptured.

We find that at our =0 [Burrill and Woods (1973b) t* = 38 5]
when the thinning rate is independent of position

hi=h*(0,0) =5.30 X 10~4 cm

and

*\2
(h—(i) =136X1073
R,

which means that the Reynolds lubrication theory approximation
(assumption iii) is applicable. At r = R;, = 1.69,

*\2
éﬁ— =5.03 X 1072
or*

and assumption ii is still satisfied at this point. From Egs. 51 and
52, the calculated difference between the interfacial tension at the
center and the equilibrium interfacial tension is only 1.43 X 10~5

“12 | ] | i ] |

0 4 8 t2 16 20 24

r* x 10%(cm)

Figure 4. Calculated configurations of fluid-fluid interface (z* = h}) and of
drop-fluid interface (z* = h;) at our time ¢* = 19.0 s for water-cyciohexanol
system.
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Figure 5. Comparison of hy and h; at r* = 0 as functions of our time for
water-cyclohexanol system.

N/m at our t=0 and 6.56 X 10~7 N/m at our t* = 143 s, which
suggests assumption iv is reasonable.

Figure 4 presents the calculated profiles k] and h; at our t* =
19.0 s. According to our computations, hj increases monotonically
with time, but the variation of h} with time is more complicated.
Initially, k] increases with time from our ¢* = 0 to 2.4 5. Thereafter,
h} decreases near the center, while continuing to increase else-
where. As time increases, the region in which h] decreases becomes
broader. Overall, h{ changes more slowly with time than does h;.

50

— Present work
45+ — — Princen's (1963) Theory (n=2)

----- Experimental result (Burrill ond Woods,
40} 1973b)

5

25 -

h" x 10%(cm)

Figure 6. Comparisons of theories with experimental measurements at center

{r* = 0) and at rim (r* = R*) for water-cyclohexanol system. Here {* rep-

resents the experimental time scale of Burrill and Woods (1973b). Princen’s
(19863) estimate for the rim coincides with our own.
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36
\ ~— Present work

32 \ — — Princen's (1963) Theory (n=2)

---- Experimental result (Liem and
\ Woods, 1974)

h* x 10%(cm)

Figure 7. Comparisons of theories with experimentai measurements for
water-toluene system. Here {* represents the experimental time scale of Liem
and Woods (1974).

This is illustrated in Figure 5, which compares hj and h; at the
center with time.

Burrill and Woods (1973b) measured film thickness as a function
of time only at the center and at the rim. Figure 6 compares their
data with our predictions and with the estimates of Princen (1963),
Egs. 53 and 54. Our time scale and ¢ in Eqs. 53 and 54 were ad-
justed by matching the theoretical predictions to the first experi-
mental measurement at the rim. The interfaces may not have been
entirely immobile as presumed both by our theory and by the es-
timated of Princen (1963) shown or the film may have been
draining asymmetrically as the result of an instability.

Water-Toluene

Liem and Woods (1974) studied a toluene drop approaching a
water-toluene interface: R} = 0.842 mm, g = 33.5 mN/m, u* =
1.0 mPa-s, Ap* = 1.33 X 10~! g/cm3. The water contained 10~4M
palmitic acid.

At our t=0 [Liem and Woods (1974) ¢t* = ~0.99 s},

hy=4.06 X104 cm

and

hj2
=7.64X1074
v

consistent with the Reynolds lubrication theory approximation
(assumption iii). Atr = Ry, = 1.69,

*\2
(%"7 =2.83 X 102
T

which indicates that assumption ii was not violated.

Figure 7 compares the data of Liem and Woods (1974) with our
theory and with the estimates of Princen (1963), Eqs. 53 and 54.
Liem and Woods (1974) measured the thickness of the film as a
function of time only at the rim. In the absence of more complete
experimental data, we must add the same caveats listed for Figure
6.

Water-Anisole
Woods and Burrill (1972) observed an anisole drop approaching
a water-anisole interface: R} = 0.168mm, Y5 = 20.5 mN/m, u*
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= 1.0mPa-s, Ap* = 9.7 X 1078 g/cm?2. The water contained 10—4
g/L sodium lauryl sulfate.

The comparison with our theory and with the estimates of
Princen (1963), Egs. 53 and 54, is very similar to that shown for the
water-toluene system in Figure 7.

DISCUSSION

The comparisons shown in Figures 6 and 7 suggest that the
present work is a relatively minor improvement over the simple
result of Princen (1963) shown in Egs. 53 and 54. In fact, there are
two important improvements. First, the Princen (1963) result
contains an adjustable parameter ¢ that has no physical signifi-
cance. In the present theory, there is no adjustable parameter and
time is measured relative to the time at which the thinning rate is
independent of radial position during the formation of the thin
film. Second, the present theory is more complete in the sense that
the entire configuration of the draining film can be described as
a function of time, not just the thickness of the film at the center
and at the rim.
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NOTATION

C parameter in Eq. 49

C(r) = undetermined function of r in Eq. 40

g* = acceleration of gravity

h* = film thickness .

h = dimensionless film thickness defined by Eq. 9

hy = film thicknessat t* = 0and r* = 0

hi = configuration of the fluid-fluid interface

h; = detined by Eq. 9

h; = configuration of the drop-fluid interface

hy = defined by Eq. 9

H; = mean curvature of the fluid-fluid interface

H; = dimensionless mean curvature of the fluid-fluid interface
defined by Eq. 9

H; = mean curvature of the drop-fluid interface

H; = dimensionless mean curvature of the drop-fluid interface
defined by Eq. 9

n = parameter in Egs. 53 and 54

Nco = capillary number defined by Eq. 10
Nge = Reynolds number defined by Eq. 10
Nwe. = Weber number defined by Eq. 10

p* = pressure in liquid film

p = dimensionless pressure in liquid film, defined by Eq. 9

P = projection tensor that transforms any vector on the inter-
face into its tangential component

ph = hydrostatic pressure

pr = dimensionless hydrostatic pressure defined by Eq. 9

p, = pressure within the drop

r* = cylindrical coordinate

r = dimensionless cylindrical coordinate defined by Eq. 9

R* = rim radius of the drop

R = diménsionless rim radius defined as R*/R,

R} = radius of the drop

Rq = dimensionless radius of the drop defined as R}/R{

R} = dimple radius as ¢ — = or just prior to the development

of an instability and coalescence

Ry = defined as R}/R;

R;, = dimensionless radial position where the pressure p within
the draining film approaches the local hydrostatic pressure
in the neighborhood of the drop
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Ry = rim radius of the drop at t* = 0

t*  =time

t = dimensionless time defined by Eq. 9

t’ = dimensionless time defined by Eq. 44
ty = adjustable parameter in Eqs. 50 and 54
v¥ = velocity vector

v;  =r* component of velocity vector v*

v, = defined by Eq. 9

v; = 2z* component of velocity vector p*

v; = defined by Eq. 9

vy = characteristic speed defined by Eq. 36
z* = cylindrical coordinate

P4 = dimensionless cylindrical coordinate defined by Eq. 9

Greek Letters

¥* = interfacial tension
¥ = dimensionless interfacial tension defined by Eq. 9
¥6 = equilibrium interfacial tension

u* = bulk viscosity of the liquid film

p* = density of the liquid film

Ap* = density difference between liquid film and the drop
6 = cylindrical coordinate
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